INTRODUCTION
The theory of wave propagation through layered media has a long history. The theory has been developed for electromagnetic waves,1,2 for elastic waves,3 for alternating solid and fluid layers,4 for continuous layered media,5 for the evaluation of seismograms that use the generalized ray method,6-8 and for the electromagnetic Green's dyadic for a layered medium.9-11The theories and techniques developed in the references given above analyze the response of a stratified N-layer (SNL) medium to a point source or an incoming plane wave deterministically, which means that the statistical properties of the electromagnetic field are not considered. The statistical (coherence) properties of light are, however, of paramount interest for the properties of any scattering-propagation problem arising in physics. Although early research on the coherence theory of periodical media can be found in Refs. 12 and 13, the theoretical formulation of the problem still lacks a general formulation. It is therefore the aim of this paper to construct a coherence theory for wave propagation in SNL media that takes into account the spatial and temporal statistical properties of the incoming field. Three cases will be considered:
(a) The coherence properties of the field generated by a quasi-homogeneous source distribution at the front plane of the structure. In particular, the generalization of the basic van Cittert-Zernike theorem, which is valid for a homogeneous medium only, will be derived.
(b) The coherence properties of the field generated by a SNL medium with rough surface(s).
(c) The coherence properties of the field generated by the interaction of a pulse with a SNL medium.
An important special case of SNL media theory is the limiting case of one-dimensional periodical media theory.
The results obtained in this paper, which apply to any arbitrary SNL medium, can therefore be applied to onedimensional periodical media if the number of layers tends to infinity. (However, in practice, a SNL medium with approximately seven unit cells already shows all the properties of an infinite periodical system.) This paper is organized as follows. In Section 2 the mode theory for the modes pertaining to a SNL medium is developed, and explicit expressions for the pertinent coefficients are obtained. Then these results are used in Section 3 for the analysis of deterministic wave propagation through such media. In Section 4 the statistical properties of the field are analyzed by the introduction of the mutual coherence function. The theory is then applied to the derivation of the coherence properties of a field propagating through a SNL medium with a rough boundary. Then the generalization of the van Cittert-Zernike theorem is obtained, and the propagation of the mutual coherence for quasimonochromatic source distributions is analyzed. Pulse propagation, and especially the influence of a SNL medium on the temporal coherence of the pulse wave field, is analyzed in Sections 5 and 6.
STRATIFIED N-LAYER MEDIUM RESPONSE THEORY
We consider a SNL medium that is assumed to be a superposition of two layers with thicknesses a and b and refractive indexes nl and n2, respectively. The total length of the two layers is A = a + b. The geometry of the SNL medium is shown in Fig. 1 . Then, by means of Refs. 2 and 14, the following results are obtained for TE and TM electromagnetic plane monochromatic waves with frequency ω inside and outside a PS medium: The governing equation for time-harmonic TE waves with frequency ω reads as For the TM case the pertinent equation reads as (2) and the electric field follows from the Maxwell equation
∇×H=∂D/∂t
(the geometry is depicted in Fig. 1 ). The electromagnetic field vectors Ez and Hz and [∂(Ez,Hz)J/ ∂n are continuous across each boundary between two layers. In the case of a multi cell medium, for the case of TE modes (E vector along the z axis), the plane-wave modes in the α= 1,2 layer of the nth unit cell can be written as with (4) Imposing continuity of E z and ∂E z / an at the interfaces, we obtain the following relation between the coefficients (an(l)-l' bn(1)-l) and (an(l) ,bn(l)) of two successive unit cells [from now on we will skip the superscript (1)]: (5) with (6) (7) (8) For TM waves we have (10) (11) (12) (13) The coefficients in the nth layer are therefore connected with those in the first layer by the relation (14) The theory14 then usually proceeds to obtain a closed representation for the nth-order product in terms of Chebyshev polynomials: The elegant final result, however, is not very explicit and therefore of further practical use for, e.g., the analysis of pulse propagation, and we therefore derive another expression leading to the explicit relation between a0 ,b0 and an ,bn in closed form. To this end, we observe that Eq. (5) can be considered a set of first-order coupled difference equations with constant coefficients for the functions a(n) and b(n). Such a system can be solved exactly with, e.g., the discrete Mellin transform or Z transform or with the Laplace transform. 15 The results are
The numbers (18) denote the eigenvalues of the unimodular matrix occurring in Eq. (5). These results are important for the analysis of pulse propagation through a SNL medium because a(n) and b(n) are represented in closed form and can therefore be easily evaluated, e.g., for large values of n or for obtaining the successive orders of scattering of an incoming pulse or pulse train. (For large values of n, these modes converge to the Bloch modes for the periodical layer system.) After having determined the relations between the coefficients an, bn and ao, bo, one can easily calculate the reflection and transmission coefficients for an incoming plane wave with amplitude ao from Eq. (18): When one recalls that, outside the end of the SNL medium, bN=0 has to be zero because there only outgoing plane waves are allowed, the coefficient of reflection RN reads as (19) and the transmission coefficient T(N) reads as 
WAVE-FIELD PROPAGATION
The response theory developed for a single plane wave leads straightforwardly to the description of the scattering and transmission of a propagating pulse, solving the pertinent initial problem for wave functions ψ satisfying the wave equation (1) . To derive the relevant equations, we therefore formulate the initial value problem and give its solution in terms of a Fourier transform over space frequency k. We assume that at t =0 the pulse is fully located outside the SNL medium so that we have to solve the initial value problem for the medium outside the SNL structures for times t such that the wave front has not reached the entrance plane of the SNL structure. This solution of this problem is formulated in Theorem 1. Then, after having solved this classical problem, we turn our attention to the solution of the full problem, i.e., the scattering of an electromagnetic pulse by a SNL medium. The solution of this problem is formulated in Theorem 2. Theorem 1. Let ψ be a solution of the wave equation (1) . Suppose that at time t =0 the initial distribution
r= (x,y) (the initial pulse or pulse train) and the first-order time derivative: ψt(r,t=0)=g (r) of ψ are given. Then the function ψ is uniquely determined and reads as (21) where ω=c|k| and A(k) and B(k) are the solution to the set of equations:
and (24) The proof of this theorem is obtained immediately from the representation (21) and imposes the initial value conditions f(r) and g(r). An example of the application of Theorem 1 is given below in which the connection with the classical well-known D'Alembert solution for the onedimensional wave equation is made. 
The proof ofEq. (27) follows from Eqs. (22) and (23) 
Then it follows that B(k)=0 and A(k) =f~(k).
This result is rather obvious from a physical point of view, as it is the mathematical formulation of the physical condition that a wave packet moving to the right can be composed only of plane waves traveling to the right.
After this preliminary survey of results for the propagation of a pulse in a one-dimensional homogeneous space, we are now in the position to formulate analytically the propagation of a pulse of arbitrary shape and initially fully located outside the SNL medium and moving to the right through a two-dimensional SNL medium in terms of a Fourier decomposition in space and time. All we have to do is to replace A(k)exp[(ik'r)] with the plane waves [Eq. (3)]. The coefficients an, bn are determined by
and the relations (15) and (16) . This basic result is summarized by the following theorem. Theorem 2. Suppose that at time t=O a pulse with shape ψ(r,t=O)=∫∞∞A(k)exp(ik·r)dk is moving to the right and is scattered and transmitted by a SNL medium. The representation of the resulting field then reads as
The vector k is determined by Eqs. (4) with α= 1, and the numbers an,b n are determined by Eqs. (15) , (16), and
This theorem will be used for the discussion of the influence of a SNL medium on the coherence properties of an incoming pulse (see Section 4.B). Already, this general representation of the field allows for a basic understanding of the propagation and scattering of a pulse through a SNL medium in terms of successive scattering at the boundary planes of the SNL medium. We therefore recall the analogous ideas considering the scattering of a plane wave by a slab: The proper expansion of the reflection coefficient into a multinomial power series of appropriate exponentials leads to the interpretation for each nth-order term as being nl times transmitted and n2 times reflected at the front or back plane of the slab. This idea can be generalized for the case at hand: Expanding the various coefficients a and b into a multinomial power series of
we end up with the interpretation that the (n+m)-order term in the multinomial power-series expansion represents a plane wave being m or n times transmitted or reflected at the boundary surfaces of the SNL medium (see especially Ref. 9 for an extensive treatment of such an analysis for a SNL medium).
INFLUENCE OF N-MULTILAYER MEDIA ON THE COHERENCE PROPERTIES OF TE OR TM ELECTROMAGNETIC WAVES
The calculation of the propagation of a pulse or a given field at the boundary of the medium through a SNL medium has been developed above and provides the deterministic evolution of signals through such a medium. However,no physical theory is complete if the statistics of the pertinent problem are not considered, which will be done in this section. We will restrict the theory to secondorder statistics and introduce therefore the second-order correlation function Γ(r1,r2;t1,t2), known as the mutual coherence function,16
where the brackets indicate that the average of the quantity ψf(r1,t1)ψ*(r2,t2) has to be taken over the appropriate space-time ensemble. It is convenient to introduce the normalized mutual coherence function by setting 16 whose modulus lies between zero and 1: o ≤ |γ(r1,r2;t1,t2)| ≤ 1.
(35)
The analysis of the behavior of the coherence functions (33) and (34) will be the central problem considered in the following sub-sections.
Here we analyze the influence of an N-multilayer structure with respect to (a) The coherence properties of a field inside a SNL medium with rough surfaces arising from the interaction of such a medium with a perpendicular incoming plane wave.
(b) The coherence properties of a field generated by a quasi-homogeneous source distribution at the front surface of an N-multilayer structure. This theory leads to generalization of the van Cittert-Zernike theorem.
(c) The coherence properties of the field to the right of the end plane of a SNL medium generated by an incoming pulse.
A· Coherence Properties of a Field Propagating through a Stratified N-Layer Medium with Rough Interfaces
We consider a plane wave incident on a SNL medium with its layers parallel with the front plane. Let us assume that one or more of the surfaces of the layers are rough. The coherence properties of the resulting electromagnetic field are then determined by the statistical properties of the rough surfaces and that of the incoming wave.17,18 We will restrict our analysis for the case of one rough surface, say, the front plane. The influence of other possible surfaces is then determined in the same way. The dielectric function then reads in the neighborhood of the front plane x=O as
where θ(x) denotes Heaviside's unit step function. Introducing the perturbation
we obtain the perturbation series valid for sufficiently small values of h. The rough surface is statistically characterized by the second-order moment of the spectral distribution of the height distribution at a layer surface for which we take After the preliminaries above, we can now calculate the influence of a small surface roughness on the propagation and scattering of an incoming wave. To this end, we introduce the (scalar) Green function G(r,r' ;k02) for our problem, which is the unique solution of (40) satisfying the Sommerfeld radiation conditions at infinity. This Green function is a superposition of the plane-wave mode solutions (3) and can be written as is the wellknown notation for one-dimensional Green functions, ordening the occurrence of x ,x', respectively, in Eq. (43). The exact scattering problem for a SNL medium with a rough front plane illuminated by a plane wave with amplitude A and wave vector k0 at the rough surface can now be cast in the form of a scattering integral equation, ψ(r) =A exp(ik0· r) + rk02Δε (r)G(r,r')ψ(r')dr', (44) where τ denotes the support of Δε(r). This integral equation is solved in the first-order Born approximation because it is assumed that the rough surface induces a slight perturbation. Then the combination ofEq. This expression for the mutual coherence function is equal to the one derived in the next sub-section. We refer therefore to the discussion given there.
B. Coherence Properties of Quasi-Monochromatic Wave Fields and Pulses and the Generalization of the van Cittert-Zernike Theorem
We consider a pulse at normal incidence with the layers of the SNL medium. The shape of the pulse is assumed to be Gaussian, and its coherence time is τ. The problem then to be analyzed is that of the influence of the SNL medium on the coherence properties of the pulse both inside and outside the structure. Recalling that b0=Rna0, an=Tna0, one can see that the propagation of a single Fourier component of the field at the entrance surface with amplitude, say, A follows from Eqs. 
we can interpret the successive terms of the coherence functions generated by the terms of the series as arising from multiple scattering at the various layers of the structure. Moreover, these successive terms are also generated after each other because the finite propagation time requires that the associated wave fronts reach the observer one after another. Let us assume that the electromagnetic field considered is quasi-monochromatic with mean frequency v and that the second-order coherence function at the entrance surface of the SNL medium reads as Such a source is known as a quasi-homogenous source and was first introduced in Ref. 16 . The associated second-order coherence spectrum at the entrance surface, needed below, then reads as Recalling that b0 =Rna0, an = T na0, one can see that the propagation of a single Fourier component of the field at the entrance surface with amplitude, say, A follows from Eqs. (3), (15), (16), and (30), whereas the second-order coherence function outside the SNL structure follows from Eq. (49).
We now turn to the generalization of the van CittertZernike theorem for SNL media. To this end, we recall that in that case the second-order correlation function at the entrance plane reads as (completely incoherent field) 
at the end plane of the structure is equal to its Fourier transform,
where the unit vectors s(1,21 denote the direction from the origin of the plane x=O to the point of observation r. In the absence of the medium, Eqs. (53), (54), and (56) show that the van Cittert-Zernike theorem in the far-zone case reads as in Ref. 16 : The mutual coherence function in the far field generated by a completely incoherent intensity distribution in an aperture of a plane is equal to that of the diffraction pattern of a wave with amplitude distribution I(y1), generated by the diffraction of this wave by the aperture. The argument of the diffraction pattern is equal to the difference of the projections of the vectors sl,2 on the aperture multiplied by k 0 . In the case a SNL medium is present and we consider quasi-monochromatic wave fields, Eq. (49) (with constant ω!!) shows that a similar result holds, but the diffraction pattern is to be changed
The medium manifests itself therefore by the multiplica-
, which may drastically change the properties of the far-field mutual coherence function: We mention, e.g., that, for values of SY1 -SY2 inside the bandgap, no field, and hence correlations, is observed.
PROPAGATION OF NARROW PULSES
As another example, we will analyze the propagation of a narrow pulse, by which we mean a pulse whose extension is of the order of the size of the building structures of the SNL medium, say, a. It is to be expected that the resulting field is built up by a set of pulses that are created by successively being bounced by the intersection layers of the SNL medium. As the width Δx of the initially incoming pulse is assumed to be of the order of the distance between the boundary planes, we expect to end up with a separated set of pulses traveling behind each other. This picture is easily supported by the observation that the explicit expression for the transmission coefficient [Eq. (20)] in terms of the basic functions (15) - (18) shows that the reflection coefficient can be written as a multinomial of complex exponentials, times some irrelevant constant. This exponential shifts the block pulse over a distance la + mb, so we have shown analytically our conjecture that outside the structure a train of nonoverlapping narrow pulses develops so that the temporal coherence at a fixed place of the observer remains that of the temporal coherence of one pulse.
PROPAGATION OF BROAD PULSES
We derived by Eq. (49) the exact expression for the mutual coherence function transmitted through a SNL medium. However, it is convenient to derive another representation of this quantity that we will use for the discussion of the coherence properties of broad pulses. The starting point for this theory of broad pulse propagation is the scattering integral equation that follows from 
This Green function is a superposition of the plane-wave mode solutions (3) satisfying either the radiation conditions at ± infinity or being bounded, and x<,> is the wellknown notation for one-dimensional Green functions, ordening the occurrence ofx,x' in Eq. (67).
From Eq. (62) we infer that, taking the Fourier transform with respect to ω of both sides of the equation and using the convolution theorem, the time-dependent wave function ψ(r,t), generated by an incoming wave ψ(inc) ×(r,t), reads as We will now discuss the simplest possible case of the scattering problem, namely, a pulse propagating solely in the x direction. Then the response function R(r,r' ,t) can be easily calculated and the physical mechanism for the temporal partial coherence easily understood. Equation (65) for the resolvent and the propagation equation (62) show that in the case of an incoming plane wave with wave vector ky in the (y,z) plane the resolvent R(r,r' ,ω) reduces to
exp(ikyy)γ(x,x'
;ky) 
where the integer numbers land m take all positive and negative integer values. To simplify our discussion as much as possible, we also assume normal incidence, namely, ky=O. Then a typical term of the resolvent R(r,r' ;ω) reads as
Taking the required integral over ω to derive the response function R(r ,r' ,t) leads to a set of shifted Heaviside unit step functions with weights cl,m, say,
where we recall that nl,2 denotes the refractive index in the layer with width a and the refractive index of the layer with width b, respectively. The functions n(x) and n(x') denote the values of the refractive index at the places x ,x', respectively. Equation ( If a pulse is scattered and transmitted by a SNL medium, then inside and outside a series of shifted pulses is generated with shifts equal to the widths of the two building layers. The resulting pulse train inside and outside the medium can be exactly calculated and shows that the temporal degree of coherence will, in general, increase as the various pulses generated by the medium from the initial pulse overlap.
DISCUSSION
We investigate for several cases the influence of a stratified N-layered medium (SNL) on the coherence properties of wave fields. The influence of a rough surface on the coherence properties of a quasi-monochromatic wave field is obtained and shown to be mathematically the same as the influence of the SNL medium on propagation of a completely incoherent source at the entrance plane, as is assumed for the derivation of the van Cittert-Zernike theorem. The generalization of the van Cittert-Zernike theorem for fields propagating through a SNL medium was obtained, and it was shown that the influence of the medium manifests itself through the modulus of the transmission function TN' Pulse propagation is analyzed, and the influence of the SNL medium is exactly calculated in the case of a pulse propagating in the direction normal to the layers of the medium. The change ofthe temporal coherence properties of a pulse due to the medium is calculated and shows that the medium increases the temporal coherence in general.
An interesting problem to be analyzed with the theory developed above is the so-called steering of the temporal coherence outside the structure by a particular choice for the SNL medium; i.e., is it possible (up to a certain tolerance) to model a (SNL) medium such that a predetermined degree of coherence of the outside field is obtained if the degree of coherence of the incoming field is given? The theory developed in this paper contains all the necessary ingredients to analyze this inverse coherence problem and will be the subject of future research.
B.J. Hoenders, the corresponding author, can be reached bye-mail atB.J.Hoenders@phys.rug.nl.
